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ABSTRACT
We present a generalized Schi transformation on electric dipole moments (EDM) in quan-
tum eld theory. By the unitary transformation, the time and parity violating interaction
ig  µνγ5 F
µν is transformed into a new form, but its nonrelativistic reduction has a unique
form, which is free from Schi’s theorem. With this operator, we estimate the EDM for the
Cs case (dCs) with nonrelativistic Hartree-Fock wave functions and nd that the enhancement
factor of the electron EDM (de) is 184, namely, dCs = 184de.
PACS numbers: 11.30.Er, 32.10.Dk,14.60.Cd





Symmetries in physics are fundamental for understanding nature. The highest symmetry
in quantum eld theory is the CPT ( charge conjugation, parity and time reversal) in-
variance. Any eld theoretical models should be consistent with the CPT theorem. The
next highest symmetry may be the time reversal invariance. Indeed, the T-invariance is
also kept well in most of the eld theoretical models.
It is of fundamental interest to nd the T-violating interactions in nature. Electric dipole
moments (EDM) of particles, nuclei and atoms in ground state reveal the violation of
the T-invariance. Until now, the upper limit of the neutron EDM is around −(3 5) 
10−26 e  cm [1].
There have been many experimental eorts to measure the EDM of the atomic systems.
The best example is found for the EDM of 199Hg [2]. In this case, however, one has to
be careful for extracting the EDM of the electrons or nucleons from the measurement
of the atomic EDM since there is Schi’s theorem [3]. This theorem states that the
EDM of the atom is cancelled out due to the symmetry restoration mechanism as long
as the constituents are interacting through the electromagnetic interactions with the
nonrelativistic kinematics.
In this paper, we present a generalization of Schi transformation which is extended
to the quantum electrodynamics. We show that the T- and P-violating interaction
ig  µνγ5 F
µν is transformed into a new form which has a unique shape of the non-
relativistic reduction. For this operator, we can reliably calculate the EDM of the atomic
system with nonrelativistic Hartree-Fock wave functions.
Here, we choose the Cs atom as an example and carry out the numerical calculations. It
is found that the enhancement factor of Cs atom in comparison with the electron EDM
de is 184, which should be compared with the previous estimations of 100-150 [4-10].
This paper is organized in the following way. In the next section, we explain briefly
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Schi’s theorem in the nonrelativistic quantum mechanics. Then, section 3 treats the
eld theoretical version of the Schi transformation. In section 4, we evaluate the Foldy-
Wouthuysen transformation of the relativistic EDM operator and obtain a unique form
of the EDM operator which has no influence from Schi’s theorem. In section 5, we
calculate numerically the enhancement factor of the EDM for the Cs ground state with
Hartree-Fock wave functions. Section 6 summarizes what we have claried in this paper.
2. Schiff’s theorem in quantum mechanics
Here, we rst review the shielding mechanism which was initially found by Schi [3]. We




















jri − rj j : (2:2)




di  Ei =
∑
i
di  riA0(ri) (2:3)
where di represents the EDM of the i-th particle and can be written as
di = gi (2:4)
where i represents the spin operator of the i-th particle. g is a constant and represents
the strength of the T- and P-violating interaction, and it has the dimension of the length
times the electric charge e.
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Schi’s theorem states that the total hamiltonian HNR = HNR0 +H
NR
edm is related to the
HNR0 by the unitary transformation ( Schi transformation ) in the following way









































di  riA0(ri) +O(g2): (2:5b)
Therefore, up to the order of g, eq.(2.5a) holds. By the unitary transformation, one
obtains the same energy spectrum between HNR and HNR0 . Therefore, this means that
the eect of the HNRedm is absorbed into the original hamiltonian and thus cannot be
observed at all. This is Schi’s theorem.
In his paper, Schi argued that the shielding of the EDM may be violated by the rela-
tivistic eects or some other eects like the addition of the strong interactions.
In what follows, we consider the Schi transformation for the relativistic case.
3. Schiff transformation in QED
(a) Schi transformation in lagrangian formulation
Now, we want to generalize Schi’s theorem to the eld theory. Here, we only
consider the QED. The lagrangian density for fermions interacting with the gauge
eld can be written as




where Dµ and Fµν denote the covariant derivative and the eld tensor, respectively
and are given as
Dµ = @µ − ieAµ; (3:2a)
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Fµν = @µAν − @νAµ: (3:2b)
In addition to the above lagrangian, we consider the T-and P-violating interaction
which may presumably be induced by the supersymmetric model with some soft










(γµγν − γνγµ): (3:4)
The corresponding hamiltonian of eq.(3.3) which depends on the electric eld can
be written as
HR1edm = −gγ0Σ  E (3:5a)
where we dene the relativistic spin operator Σ as Σ = γ0γ5γ: Here, if we take a
simple nonrelativistic limit of this operator, the hamiltonian becomes
HR1edm ’ −g  E: (3:5b)
Since the d is written as d = g, this just corresponds to the HNRedm.
Now, we consider the following unitary transformation









Under this transformation, the total lagrangian density L = L0 + Ledm becomes up
to the order of g




This shows that the unitary transformation of eq.(3.6) completely cancels out the
Ledm term of eq.(3.3), but a new term 2ige  γ5pµDµ appears.
Now, we want to make the corresponding hamiltonian. In this case, we should make
the conjugate momenta A0 for the A0 and ψ for the  . It is clear that the terms
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0 − p2): (3:8)
This is a new EDM hamiltonian which should be compared with the original one
in eq.(3.5a). We should also note that the similar EDM hamiltonian is obtained
in ref.[12]. In this case, the p20 term is missing since they treat it in terms of the
hamiltonian. Instead, we treat the problem in a covariant fashion. However, it is
easy to see that the p20 term does not contribute to the mixing of the wave functions
since it does not depend on the coordinates. In this respect, we reproduce the
result obtained in ref.[12] with the lagrangian formulation with the full relativistic
covariance.
The important point is that the new EDM hamiltonian is free from Schi’s theorem.
Therefore, this term indeed contributes to the generation of the EDM.
(b) Schi transformation in hamiltonian formulation
Next, we show here the same type of proof for the Dirac hamiltonian since the EDM
leftover can be also obtained from the Dirac hamiltonian. This method is similar
to the above proof of the eld theory, but the transformation operator is dierent
from the eld theory treatment. Instead, it is the same as the nonrelativistic Schi
transformation.






pi i +miγ0i + eA0(ri)
)
: (3:9)




γ5i γi  Ei: (3:10)
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Σi Ei − g
∑
i
(γ0i − 1)Σi  Ei: (3:11)
In this case, one can easily check that the rst term of eq.(3.11) is cancelled out by
the Schi transformation in the same way as the nonrelativistic case of eq.(2.5a),





























(γ0i − 1)Σi  Ei: (3:13)
In the next section, we will prove that the two terms (eq.(3.8) and eq.(3.13)) have
the identical shape of the nonrelativistic reduction under the Foldy-Wouthuysen
transformation. This nonrelativistic EDM operator is free from Schi’s theorem.
4. Nonrelativistic reduction of EDM operator
When we want to evaluate operators which are expressed in the relativistic form, we
should prepare wave functions which are obtained relativistically. In atomic systems with
high Z, the lowest state is indeed quite relativistic.
However, the system we are treating is not the hydrogen-like atom but real atoms (Cs
atom). In this case, there are many electrons around, and the state for the last electron
in the ground state is 6s state which is far from relativistic. Therefore, we should rather
obtain the EDM operator which is reduced to the nonrelativistic form. Since the EDM
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operators obtained in the last section are free from Schi’s theorem, we should make the
reliable nonrelativistic reduction of the operator.
Here, we employ the Foldy-Wouthuysen transformation which is a unitary transforma-
tion. It is here noted that the nonrelativistic reduction should be done at the last stage.
Otherwise, one often makes mistakes since the Foldy-Wouthuysen transformation does
not necessarily commute with other unitary transformation. Since the nonrelativistic
reduction is an approximation, one has to do it after one has made other unitary trans-
formations.
In the case of the EDM operator, we have obtained the two dierent hamiltonians,






0 − p2); (3:8)
HR3edm = −g(γ0 − 1)Σ  E: (3:13)
They look very much dierent from each other. Now, we want to make the nonrelativistic
reduction of the two operators.
By the Foldy-Wouthuysen transformation which is the most reliable method for the non-
relativistic reduction, we write the reduced hamiltonian after some repeated operations










+ E − 1
8m2
[O; [O; E ]] (4:1)
where O and E denote the odd and even operators in the gamma matrix space.
In the case of the EDM hamiltonian of eq.(3.8), the O and E can be written as




E = eA0: (4:2b)
On the other hand, for the EDM hamiltonian of eq.(3.13), the O and E become
O =   p; (4:3a)
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E = eA0 − g(γ0 − 1)Σ  E: (4:3b)
After some straightforward calculations, we obtain the nonrelativistic hamiltonian for





(  E)r2 − (r)(r  )− 2(E  r)(  r)
]
(4:4)
where (r) and E are dened as
(r) = −r2A0(r); (4:5a)









with 0(r) = e
∑
n j n(r)j2.
As we stressed before, this hamiltonian is free from Schi’s theorem. Therefore, there is
denitely some mixture due to this operator between the opposite parity states like the
6s and 6p states.
5. Application to Cs atom
Since we obtain the EDM operator which is free from Schi’s theorem, we can now reliably
calculate the EDM in actual cases. Here, we choose the Cs atom since it is rather a simple
atom in terms of atomic structure. Yet, the ground state is in the 6s-state and has an
opposite parity state nearby which is 6p-state. Also, it seems that the atom is suitable
for measuring the EDM in experiment.
As discussed in the last section, the EDM operator which is reduced by the Foldy-











Now, we evaluate the matrix element between the 6s and 6p states in the Cs atom. We









where the wave functions 6s(r) and 6p(r) are obtained from the Hartree-Fock calcula-
tions [15]. In this case, the matrix element between the 6s and the 6p states becomes






















This can be calculated only by numerical evaluations since we employ the Hartree-Fock
wave functions. We note here that the matrix element depends on the wave function rather
strongly since it is proportional to the operator expectation of < 1
r3
>. A simple-minded
Coulomb wave function overestimates the matrix element by two orders of magnitude.




< 6sj∑i zijn >< njVedmj6s >
E6s − En : (5:4)
Here, as the intermediate states, the 6p state contributes most, and higher np states
contributions are only a few percent corrections to the 6p state contribution.




We have presented the nonrelativistic reduction of the EDM operator which is free from
Schi’s theorem. This is important since we know denitely that the eect of the T-
and P-violating interaction can be well observed in the atomic systems. Further, the
enhancement factor is indeed quite large for the Cs atom. This is mainly because there is
a very small energy dierence between the ground state and the rst excited state which
has an opposite parity. Since the Hartree-Fock wave function is quite reliable in atomic
systems, the estimated value of the EDM with the nonrelativistic reduction is indeed
reliable.
Here, we should make comments as to what is the dierence between the present approach
and the Schi’s calculation. The basic point is that the nonrelativistic reduction should
be made at the last stage. For example, the simplest EDM operator is obtained when
we make the nonrelativistic reduction at the lagrangian level. In this case, the EDM
operator becomes eq.(3.5b) as discussed before. This is the worst case since there is no
EDM operator left due to the Schi’s theorem.
The next level of the approximation which we have not presented in this paper is that we
make the Foldy-Wouthuysen transformation before the Schi transformation. Namely,
we make the Foldy-Wouthuysen transformation for eq.(3.5a). In this case, we obtain the
nonrelativistic EDM operator which is indeed dierent from eq.(4.4) after we remove the
term described in eq.(2.3) by the Schi transformation of eq.(2.5b).
The procedure we employ in this paper is that we make the Schi transformation at
the lagrangian level and then make the Foldy-Wouthuysen transformation to the EDM
operator. In this case, it is found that we obtain the unique nonrelativistic EDM operator
which is free from Schi’s theorem.
Therefore, as long as we employ the EDM operator of eq.(5.1), then we can estimate the
EDM in atomic systems quite reliably with the Hartree-Fock wave functions.
Finally, we make a comment as to how the present calculation is related to the relativistic




high Z atoms, then we have to carry out the calculations relativistically. In this case, the
direct evaluation of eq.(3.8) or (3.13) should be done if one obtains reliable wave functions
with relativistic Hartree-Fock method [16]. On the other hand, the electrons in the last
shell are not at all relativistic and thus should be better treated non-relativistically with
many body eects taken into account properly.
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